Projectors of finite, solvable groups were defined by Schunk [6] . In this paper, the author defines generalized projectors of finite groups. They are the same as projectors in the case of solvable groups. The existence of this class of subgroups is shown for w-solvable groups satisfying certain properties.
Definition.
Let S be a class of subgroups of a finite group G. Then we say S is a characteristic class of conjugate subgroups if (i) H e S and a an automorphism of G then H" e S, (ii) H" is a conjugate of H under an element of G i.e., 3g e G such that H"=H!'.
A finite group G is called ir-closed if it contains a normal subgroup N which is a 7r-group and G¡N is a ir'-group.
All groups considered in this paper are finite. Let x be any Schunk class consisting of solvable, 7r-closed groups. In this paper we will show that if the 77'-subgroups of a 7r-solvable group G have ¿-projectors and they form a characteristic class of conjugate subgroups then G has ¿-projectors and the ¿-projectors form a characteristic class of conjugate subgroups. We cannot expect that all ¿-projectors are conjugate as is clear from the case when G is a finite, nonabelian simple group and %=5R the class of all nilpotent groups. As can be easily seen, the generalized Carter subgroups as defined in §2 are 9î-projectors, but the converse is not true. We are unable to prove that ^-projectors exist and they form a characteristic class of conjugate subgroups in the case when GJN e x and Tv' is a direct product of isomorphic copies of simple nonabelian groups. In case the existence of %-projectors can be shown in this case then proofs similar to the ones given below prove that ^-projectors exist in all finite groups and they form a characteristic class of conjugate subgroups.
1. Definition.
The descending Loewy series is defined as the characteristic chain
where A,(G)=A(G) is the intersection of all the maximal normal subgroups of G and Ai+1(G)=A1(Ai(G)).
Denote by k the length of the descending Loewy series. Remark. A(G)={1} if and only if G is a direct product of simple groups.
Definition. A group G is called semisimple if G is isomorphic to a direct product of simple groups. Theorem 1.1. Ifze Hom(G) then A^G")=A¿(G)a.
Proof. Let S be the set of all finite semisimple groups. Then S is a formation as defined by Gashutz [4] . Let Gs be the S-residual of G (i.e., the smallest normal subgroup of G satisfying G/Gs e S). Obviously Gs=Ax(G). Now by a lemma of Gashutz [4] , the result follows.
Definition.
A subgroup U of a finite group G is called a generalized X-projector of G, if it satisfies the following conditions for all homomorphisms / of G.
(2) {f(U)} is a characteristic class of conjugate subgroups of/(G). Remark. It is clear that generalized %-projectors are the same as %-projectors in the case when G is solvable.
Remark. If U is a generalized ^-projector of G, N<iG then UNjN is a generalized ^-projector 0f GjN.
Remark. The class of generalized ^-projectors of G forms a characteristic class of conjugate subgroups. Lemma 1.2. Let Nbea normal subgroup of G such that N" is a characteristic subgroup of G" for each homomorphism a ofG. Let U¡N be a generalized X-projector of G[N and U a generalized x-projector of U; then U is a %-projector of G.
Proof. It is enough to show that UM\M satisfies conditions (i) and (ii) in GjM where M is any normal subgroup of G. Suppose UM/Mz V/M; V/M e ¿. Since UNM/NM is a generalized ¿-projector of GjNM; VNjNM ex, therefore VN¡NM=UNM¡NM or V\M^UM\M but then UM\M is a generalized ¿-projector of U/M hence UM\M= V/M. For (ii) let a be any automorphism of G¡M. Then a induces an automorphism ä of GjNM, but UNM/NM is a generalized ¿-projector of GjNM. Therefore (UNM¡NMf=(UNM¡NMy for some g e G or (UM\MYg'^=UM\M but UMIM is a generalized ¿-projector of U/M so (UM/M)" is a conjugate of UM/M. Hence U is a generalized ¿-projector of G.
Remark. A homogeneous component of At_1(G) has the property described in Lemma 1.2. Theorem 1.3. Let tr be a set of primes and ¿ a Schunk class consisting of solvable -n-closed groups. If the tt'-subgroups of a -n-solvable group G have generalized %-projectors then so does G.
Proof.
Suppose the result is not true. Let G be a group of smallest possible order for which the result is false. Suppose there exists a nontrivial solvable 7r-subgroup N of G satisfying N" which is a characteristic subgroup of G" for cr any homomorphism of G. Then using the SchurZassenhaus complement theorem [7] , G/N is not a criminal and so has a generalized ¿-projector say U/N. Now U is solvable, therefore has a generalized ¿-projector say U. By Lemma 1.2, U is a generalized ¿-projector of G which cannot happen. Now let N bea homogeneous component of Aj^G). So we can assume N is a 7r'-group. G/N, being not a criminal, has a generalized ¿-projector say U¡N. If U is a proper subgroup of G then t/has a generalized ¿-projector say U and, by Lemma 1.2, £7 is a generalized ¿-projector of G. So U=G. Now G cannot be a 77'-group by hypothesis and it is clearly true that G has Sylow 7r-subgroups and all Sylow 77-subgroups of G are conjugate. Let P he a Sylow 7r-subgroup of G. Since P is solvable, P cannot be normal in G. So NG(P) is a proper subgroup of G. Let U be a generalized ¿-projector of NG(P). We will show that U is a generalized ¿-projector of G. Since G/N e ¿, a Sylow 7r-subgroup of G/N is normal in G//V. So NG(P)NIN=NG/N(PNIN)=G¡N. Now UN/N is a generalized ¿-projector of NG(P)NIN=GINand G¡N e x=>UNIN=G/N so a Sylow 7r-subgroup of U is a Sylow 7r-subgroup of G but UsNG(P)=>P is a Sylow 7r-subgroup of Uand P<\U. Let M be any normal subgroup of G. We will now show that UM/M satisfies conditions (i) and (ii). Suppose UMjM is a generalized %-projector of NG(P)M¡M. Hence (UM/M)* is a conjugate of UM\M. So t/ is a generalized %-projector of G.
2. Ja. G. Berkovic [1] has shown that if the 7r'-subgroups of a 7r-solvable group G have a Carter subgroup and all the Carter subgroups are conjugate there then G also has a Carter subgroup and all Carter subgroups are conjugate. In this section we will show that if the 7r'-subgroups of a 7r-solvable group G have a generalized Carter subgroup and they form a characteristic class of conjugate subgroups there then G has a generalized Carter subgroup and the generalized Carter subgroups form a characteristic class of conjugate subgroups.
A subgroup U of a finite group G is called a generalized Carter subgroup of G if U satisfies the following conditions:
(a) U is nilpotent. Proof. Similar to the proof of Lemma 1.2. Theorem 2.2. If the ri -subgroups of a -rr-solvable group G have generalized Carter subgroups, then so does G.
Suppose the result is false. Let G be a group of smallest possible order for which the result is not true. Let Nhea homogeneous component
